Introduction
A set of sufficient conditions which guarantee the existence of a point x ⋆ such that f (x ⋆ ) = x ⋆ is called a "fixed point theorem". Our objective is not to come up with another such theorem. Instead we wish to characterize points x for which f (x) = x. This will be done at primal and dual levels, producing different geometric interpretations. At the primal level these points will turn out to be apexes of certain classes of parabolas. At the dual level they are characterized by uniformly bounded ratios of functions around x ⋆ but not at x ⋆ itself. The results are proved using two major theorems: quadratic envelope characterization of zero-derivative points and the fundamental theorem of calculus. Here is the former.
Theorem 1 (Quadratic envelope characterization of zero-derivative points [7] ).
Consider a continuously differentiable function of the single variable with Lipschitz derivative on an interval
I = [a, b]. If a < x ⋆ < b, then f ′ (x ⋆ ) = 0 if,
and only if there is a constant
for every x ∈ I.
Note that this theorem talks about zero-derivative points without using differentiation. It was proved for functions in n variables in [7] . One can find it depicted in this author's data "Formula" on Researchgate. Its simplified proof for n = 2 and for C 2 functions is given in the textbook [6] . Various discussions regarding this result can be found in the Q&A section on Researchgate under the question "Is there a book in English . . . " We have not yet seen an affirmative answer to this question. The interested reader can find more on fixed points in, e.g., [1, 2, 5] and Journal on Fixed Point Theory and Applications. Depictions of fixed points in one, two and three dimensions using string, disc and a cup of coffee, respectively, can be found in the literature typically related to the Brouwer fixed point theorem.
constant Λ ≥ 0. 
Conclusion
We study functions of the single variable and find conditions, for a given arbitrarily chosen point x ⋆ , which are both necessary and sufficient for a fixed point. This is done at two levels. At the primal level we show that a fixed point is an apex of a particular class of parabolas. At the dual level, fixed point is characterized by boundedness of particular ratio functions in a neighbourhood of x ⋆ but not at x ⋆ itself. It is expected that the results given hereby will possibly lead to new directions in the study of fixed points for functions of several variables and advance the study of equilibria in the theory of games, economics and other areas.
